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Violation of the cosmic no hair conjecture in the Einstein-Maxwell-dilaton system
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The cosmic no hair conjecture is tested in the spherically symmetric Einstein-Maxwell-di{EE\D)
system with a positive cosmological constantFirst, we analytically show that once gravitational collapse
occurs in the massless dilaton case, the system of field equations breaks down inevitably in outer communi-
cating regions or at the boundary provided that a future null infifiityexists. Next, we find numerically the
static black hole solutions in the massive dilaton case and investigate their properties for comparison with the
massless case. It is shown that their Abbott-DéA&) mass is infinite, which implies that a spacetime with
finite AD mass does not approach a black hole solution after gravitational collapse. These results suggest that
It cannot appear in the EMD system once gravitational collapse occurs and hence the cosmic no hair
conjecture is violated in both the massless and massive cases, in contrast with general relativity.

PACS numbe(s): 04.20.Dw, 04.20.Ex, 04.56&h

[. INTRODUCTION dynamics in spacetime regions with high curvature. The pur-
pose of this paper is to investigate gravitational collapse and
Recent cosmological observatiofis] suggest that there to test the cosmic no hair conjecture in an effective string
must be a positive cosmological constanin our universe. theory, which is one of promising generalized theories of
Furthermore, it is widely believed that inflation took place in gravity. Especially, we consider the Einstein-Maxwell-
the early stages of our universe and the vacuum energy of dilaton (EMD) system, which naturally arises from a low
scalar field plays the role ok efficiently. In such a space- energy limit of string theory7].
time, most regions expand exponentially as in de Sitter Polettiet al. [8] found that the EMD system with mass-
spacetime. However, when the inhomogeneity of the initialess dilaton has no static spherically symmetric black hole
matter distribution is very high, some regions collapse into &olution in ASdS spacetime. This is essentially due to the
black hole unless the inhomogeneous region is too I2Ye  fact that there is no regular configuration of the dilaton field
or the Abbott-DesefAD) mass is negative]. Such a space- petween a black hole event horiz@BEH) and a cosmologi-
time is classified as amsymptotically de Sitte(ASAS 4| event horizoCEH) satisfying the boundary conditions.
spacetime 4], where there exists a de Sitter—like spaceliker s one may naively expect that gravitational collapse can-

e
fmg%gu" mfm:jtyHI .k' 5 d th . hai not occur in the EMD system and hence no black holes ap-
ibbons and Hawking5] proposed the cosmic no hair pear even though a highly inhomogeneous region exists.

conjecture, which states that every spacetime with nonzero However, this is not likely because the EMD system satisfies

approaches Kerr—Newman—de Sitter spacetime in the Stgo "y inane energy condition, which implies that a highly

tionary limit. From a different point of view, the conjecture . mogen region would continue t I So what
at least seems to state that most regions expand exponentialgf'o ogeneous region would continue 1o collapse. S0 wha
IS the final state of the collapse in such a system? Motivated

and the future null infinityZ" should appear even though hi . . h : f th hericall
gravitational collapse occurs somewhere. Although the proof¥ this, we investigate the dynamics of the spherically sym-

of the conjecture is only shown in a restricted class of spacéM€lfic EMD system when gravitational collapse occurs.
times [6], it is widely believed that any spacetime with The rest of this paper is organized as follows. In Sec. I
results in ASdS spacetime after gravitational collapse in gen€ write down the basic equations and set the initial condi-
eral relativity. tions. In Secs. Ill and IV we analytically show that the field
What seems to be lacking, however, is the picture ofequations of the EMD system with massless dilaton inevita-
gravitational collapse in a spacetime within the frame-  bly break down in the domain of outer communicating re-
work of generalized theories of gravity. It is important to gions or at the boundary provided that there exists a null
take some corrections into account when we consider thafinity Z*. Here we present the detailed proof of our previ-
ous resulf9]. In Sec. V, we find the static black hole solu-
tions in the EMD system with massive dilaton. It is shown

*Electronic address: _gnaeda@gravity.phys.waseda.ac.jp that they are stable for linear perturbations, but their AD
"Electronic address: torii@th.phys.titech.ac.jp mass is infinite. In Sec. VI we discuss the cosmic no hair
*Electronic address: narita@se.rikkyo.ac.jp conjecture in the EMD system on the basis of our results.
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IIl. BASIC EQUATIONS AND INITIAL VALUE trapped urface +
.+
CONDITIONS Singuhhx 3 I

The action in the EMD system with a positive cosmologi-
cal constantA (>0) is

s:f d*x\—g[ —R+2(V )2+ 2V, +e 229F2+ 24 ],
(2.1

whereV , anda represent the potential and coupling constant
of the dilaton field¢, respectively. String theory requires
=1. Varying the actior(2.1), we obtain the field equations

dilaton field

-2 V) —
V. (e72%FrY) =0, (2.2
a 19V
2 Tacapp2_ 7V
Vit 2° F 2 d¢ 0. 23 @ charged matter
R.,=2V ¢V, ¢+ (Vy+A)g,, FIG. 1. A Penrose diagram showing the gravitational collapse of

a charged matter fluid accompanied by a dilaton field supposing that
ASdS spacetime appears. A closed trapped surface is formed
as the gravitational collapse proceeds.is a characteristic null
hypersurface.

1
+2e #F  F P nge*aﬂ:z. (2.4)

In the spherically symmetric system, the Maxwell equation
(2.2 is automatically satisfied for a purely magnetic Max-
well field F=QsinddgA d¢ (F2=2Q?/R*), whereQ is a
magnetic charge aridis a circumference radius. Because an  |n this section, we analytically investigate the evolution of
electrically charged solution is obtained by a duality rotationthe system fronN in the case of massless dilaton field, i.e.,
from the magnetically charged ofh0,11], we have only to v, =0, and present a theorem which states that the evolution
consider the purely magnetic case. from any initial data onN results in the breakdown of the

It is worth noting that we cannot take any regular initial field equations in outer communicating regions or at the
data S,hap.Kap) in the EMD system because the field houndary in ASdS spacetime. Since we are interested in ef-
Strength of the Maxwell fieldF? diverges aR=0, Wherehab fective Superstring [heory, hereafter we put 1.
is the metric on a three-dimensional spacelike hypersuSace  This section is divided into two parts. First, we shall state
embedded iM,g) andKy, is the extrinsic curvature. Physi- some reasonable assumptions and present the theorem. As a
cally, it seems reasonable to suppose that the existence fifst step to the proof, we next consider the asymptotic be-
this central charge results from the gravitational collapse ofavior of the dilaton field on both event horizons.
an appropriate charged matter field such as a charged perfect
fluid, as depicted in Fig. 1. In that case, we can take regular
initial data S,h,p,Kap)-

Once gravitational collapse occurs, a closed trapped sur- First, we assume that surface gravity of both horizons is
face 7 will appear because the matter field falls into a smallalmost constant asymptotically. By using Gaussian null co-
region. As shown in the proof of Reff4], 7 cannot be seen ordinates covering the BEKCEH),
from Z© and hence a BEH inevitably appears in ASdS |, , 2. =2 2 2
spacetimé. It follows that the ASdS spacetime has a null ds’=—2dr dn+F(r,n)dn+R(r, 7)(d6° + sin’ 6d?),
characteristic hypersurfadd whose boundary is a closed 3.1

future-trapped surface in the late stage of the gravitation%t us define the surface gravity of the BEBEH) g (xc)
collapse(see Fig. L For simplicity, we make the physical by F ,/2|,_,, whered, is a future-directed ingoingoutgo-
assumption that all the charged matter fields fall into themg) };ullrég’()desic inrtersecting the BEKCEH) and F—r
BEH in the past of\. In the next section, we will investigate ~0, F,>0 on the BEM(CEH). If (,)* is a timelike Kill-

the evolution of the field equatior.2—(2.4) from N ana- . L .
- ) . g vector field inr<0, each surface gravity reduces to the
lytically under the assumption that spacetime becomes ASd sual surface gravit defined as

spacetime.

Ill. ANALYSIS OF THE DYNAMICS OF A MASSLESS
DILATON FIELD

A. Assumptions and theorem

V&(n"n,)=—2kn*. (3.2

We should note that ASdS spacetime excludes the possibility thahs shown in[5], each surface gravity and each event horizon
a naked singularity appears. See Ré.for details. area corresponds to the temperature and the entropy of the
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corresponding event horizon if the space-time is almost RuRy e N 272¢ )
static. In addition, it has been shown that the areas of both Ruv+ ?Z “9R 1- R —AR?J,
BEH and CEH cannot decrease and have an upper bound, (3.11)

127/ A [4,12). Therefore, it is clear that both areas approach

positive constants asymptotically. This physically impliesand the constraint equations

that in a neighborhood of each horizon, the spacetime would

approach locally a static one. On the analogy of the almost RuutAuRu=—(¢ )R, (3.12
static spacetime, we shall assume

RyvtAyRy=—(dy)°R, (3.13
lim kg~const>0 (3.3
7+ whereA y is a partial derivative oA with respect toX.
We present the following theorem.
and Theorem 1 Let us consider the dynamical evolution of
. Egs. (3.9—(3.11) with initial data on the characteristic null
nln:wKCNCOnSPO, (34 hypersurfaceN in ASdS spacetime. Then there is a

U; (=Up) such that the system of equations breaks down at

in ASdS space-time. The above assumptions indicate that If =U1 in the sense that the equations cannot be evolved
the entropy of the BEHCEH) is asymptotically constant, its from the hypersurfac8l to the surfac&Jg, whereUyg is the
temperature neither goes to(this is the third law of event coordinate at the BEH.
horizon[13]) nor diverges.

Next, we shall assume that the outgoing null expansion of B. Asymptotic behavior of the dilaton field
the CEH does not approach 0 asymptotically. Let us consider
Gaussian null coordinates covering the CEH and an outgoinﬁe
null geodesicy, intersecting the CEH. Defining the outgoing
null expansiord, =2R , /R, the Raychaudhuri equatigaee
Ref.[14]) is

We investigate the asymptotic behavior of the dilaton
Id and give the following lemma.

Lemma 1 The asymptotic values of the dilaton fielbl
cannot diverge at any of the two event horizons. To be pre-
cise,

_ —%63—&- 3.5 Sufp(0,7)| <+, 7e[0,+=) (3.14
' 7

This means tha#, cannot become negative or 0; otherwise, must be satisfied in ASdS spacetime.
the outgoing null geodesic would not reach the null infinity ~ To prove this, let us consider Gaussian null coordinates

I* (R=wx). Therefore, we also assume (3.1 covering the CEH and estimate a quantify;) defined
_ on each outgoing null hypersurface € const null hypersur-
inf 6c(7)>0, 7e[0,+=), (3.6)  face,

7
0
or, equivalently, I(n)= )qs?r(r,n)dr, (3.19
—rn(7m
infR(7)|c>0, 7e[0,+), (3.7

where—r () is the value of at the intersection betweéh
and p=const null hypersurface. Because the area of the
because the area of the CER;, has an upper bound. Here CEH has an upper bound, &2A, ry(#) also has an upper
O¢ is the expansion at the CEH. This assumption means thdtound as follows:
0., at the CEH cannot approach 0 in the future.

Under the above assumptions we will consider the evolu- 0<ry(7)= chw)z dR _ fRdn) 2dR
tion of the field equation$2.3),(2.4) in the massless dilaton N7 Ru(m 0+R
case. In terms of double null coordinates, K

3
ds’=—-2e NU,V)dUu dVv <C[RC(7])_RN(77)]<C\[X1 C(>0), (3.19
+R(U,V)2(d#?+sir 6d¢?). (3.9

n

Ru(7) OcRN T,

wherefc, Rc, andRy are the values of.. , R at the CEH

The field equation$2.3),(2.4) can be reduced to the dynami- and the value oR at N, respectively. Therefore, we can
cal field equations obtain

2R¥R ¢ y+Re yy+Rye y)=Q% 27", (3.9

224 2We derived the first inequality by using the fact that is a
—A) positive and strictly decreasing function in the outer regions of the
R* ' BEH by Eq.(3.5. To derive the second inequality, we used the
(3.10 assumptior(3.6).

2R yv _
A uv— T:2¢,U¢,v+e A
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liml(n)=+~ when I[im¢(0,7)==*~ (3.17)

n—* n—%
because the inequality

2[(0,7)—d(—rn, )| —rn(7m)

0 0
=[* @ed-lar=]"  gi,ar-
—rn(7) —rn(7)
(3.18

is satisfied andb(—ry, 7) has a limit at the intersection of
and the BEH,

lim ¢(—ry,7)= d|gep- (3.19

7—®©

Then, because of the Raychaudhuri equati®®), 6. be-
haves as

lim 0c<— lim | =—oo,

n—® n—®

(3.20

This is a contradiction becaugke. must be positive in the
outer regions of the BEH. Similarly, we can also see that
on the BEH should not diverge asymptotically. Thus, EQq.

(3.14 must be satisfied at both event horizons. O

Under the above observation, we will prove theorem 1.

IV. PROOF OF THE THEOREM

We shall prove theorem 1 by contradiction below. In the
first step, we consider the asymptotic behavior of field func- H=

PHYSICAL REVIEW D 61 064012

where f(u) is some non-negative function. Then, by Eq.
(4.1 and lemma 1,

$,~u "t and

lim ¢=const.

Uu— +o

(4.5

We shall obtain the asymptotic value Bfy, on the CEH
by solving Eq.(3.11) as

R (quRd +Ry| R
e — u . JRN— s
v u Ri ViR

Y 2,—2¢

e e

PO >
2R R

—AR%,
(4.6)

whereR|; and R; are initial values ofRy and R on u
=u;, respectivelyK must approach a positive constat
asu— +» becausdr, ¢— const by lemma 1 and the expan-
sion at the CEH behaves as I,;m+w0+~lim,7_,+wu*1R,V
>0 by Eq.(3.6). Then the asymptotic value & \ is

(4.7

We shall also obtain the asymptotic value @f, on the
CEH by solving Eq.(3.9) and the solution is the following:

UHR R
¢’,v:( fu_ ?idu+ ¢,v|i)ﬁv

R y~K..u>0.

tions near the CEH. It is convenient to rescale the coordinate

U in the double null coordinatg8.8) such thal is an affine
parameter of a null geodesic of the CEH; iX.is constant

along the CEH. Hereafter we use the charaotér=F(U)]

instead ofU in this parametrization to avoid confusion. Un-

der such coordinates, E(3.12 on the CEH is

R =~ (#,u)’R=<0. 4.1

By the assumptior{3.4), u is asymptotically related to the

coordinaten of Eq. (3.1) by

u~e“c? on the CEH. (4.2

240—2¢—\
e R
Q - ,V¢,u, (48)
2R R
where ¢ \|; is an initial value of¢, on u=u;. H ap-

proaches a positive constalt, asu—« becauseR ¢ ,
~Jf—0 by Egs.(4.5 and (4.7). The asymptotic value of
Pvis
¢ y~H.u>0. 4.9
Let us denote a timelike hypersurfaces —e by T,
wherer is the affine parameter of an outgoing null geodesic
d, in Gaussian null coordinates ardis a small positive

constant. If we take small enough, an infinitesimally small
neighborhood/A of the CEH containslc. Let us denote

Therefore, the null geodesic generators of the CEH are futur@ach point of the intersection dic andu=const hypersur-
complete in asymptotically de Sitter space-time. Because thice by p(u). By using Eq.(3.9), the solution ofh=¢
area of the CEH is nondecreasing and has an upper bounctlong eachu=const is

lim R,=0 and
Uu— +oo

||m R: Cll

U— +ox

4.3

along the CEH, wher&C; (i=1,2,...) is apositive con-
stant. This implies theR ,, (<0) on the CEH must converge
to O faster thami~ 2. Hence the future asymptotic behavior of

Ry on the CEH is represented as follows:

. 2 _
lim uR =
U— +o

lim f(u)=0,

U— +oe

4.9

h= JVCLRdv+h R 41

=) Re c| R (4.10

Qe Rudy i
2R* R ’ :

where Re and h are values ofR and h on the CEH,V
=V, respectively. Let us consider the asymptotic value
(Ruov)|Ve. By Egs.(4.2), (4.5), and(4.9),

064012-4
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oo
lim R, ¢y~ lim uj u’ "2 du’
Uu—+o u— +oo u

-2

.u .
= lim —%= lim f=0,
U— -+ U—+o°

(4.12

where we used I'Hospital’s rule in the first equality. There-

fore,L~L.>0 asymptotically. Differentiatingy by V in Eq.
(4.10,

RCRV VCLR
hy=L+—p~ f —dV—he]|. (4.13
’ R Vi RC

By using Eq.(4.2) and the relation between Gaussian null

coordinateg3.1) and double null coordinate8.8), we ob-
tain

e~uséV on the CEH (4.19

for large u. By the relation(4.14) for large values ofy, h \,
~L,.+0(e)+O(f) on Tc. hy~L.>0 on theu=const
null segmen{ V|, ,Vc]ClUc asymptotically, since: is an

PHYSICAL REVIEW D 61 064012

FIG. 2. Timelike hypersurface3g, T are displayed in the
neighborhoods4s ,U/: of the BEH and CEH, respectively. A null
segmeniN; is displayed by a thick linee is a fixed affine parameter
distance along outgoing and ingoing null geodesics.

arbitrary small value. Here we obtain the result in the firstHere we define&k=¢ ,. Let us consider an infinitesimally

step ash y~L..>0.
In the next step we investigate the behaviordafe
andR on the BEH, just like in the CEH case. We resc¥le
into v such that is an affine parameter and=const on the
BEH, while we leavel unchanged. The relation between
and » of Eq. (3.1 is given by
v~e“8” on the BEH,

(4.15

as given in the CEH cadd.2). Because the area of the BEH
is also nondecreasing and it has an upper bound, as in the

case of the CEH,

im R,=0 and IlimR=C,. (4.19
v—+®© v—+®
Therefore we have
lim v?R,,=— lim g(v)=0, (4.1
v—+® v—t+®©

along the BEH, wherg(v) is some non-negative function.
This means that by Ed3.13,

¢,~v g and limg=const

v—®©

(4.18

at the BEH. By replacing by v in the argument of the CEH
case and solving Eq83.9) and(3.11), the asymptotic behav-
iors of R, and ¢ , become

(4.19

R'UNU, ¢'UNC3U.

Hence the first and third terms on the left-hand side of the

dilaton field, Eq.(3.9), are negligible asymptotically and
then

||m k,U: I|m ¢,UU:C4>O'

v— +oo

(4.20

v— +oo

small neighborhood{s of the BEH. There is a small positive
€ such that a timelike hypersurfadg with r=— € is con-
tained inlg, wherer is the affine parameter of an ingoing
null geodesid, in Gaussian null coordinaté8.1). By using
the relation(4.15, we obtain

e~vdU. (4.20)
k on Tg is, asymptotically,
K|~ Klsent K ulsen(— V)
~k[gen—Caev ™t
~—(eCy+ v L. (4.22

Now we reach the result in the second step; ife,is nega-
tive on Ty for large valuesy (>v,).

Let us consider eaclu=const null segmentN,(u
=u)):[Vc—elu;,Vc], wherehy~L.>0 onN, (see Fig.
2). If one takesu, large enoughN, intersectsTg(v>v;) at
u=ug. Let us take a sequence NLJ (J=12,...L+1)
(L is a natural number large enoyghwhere Su=(ug
—uy)/L anduy=u,+(J—1)5u. Hereafter we denomluJ as
N;. Before proving theorem 1, we shall establish the follow-
ing two lemmas.

Lemma 2 R ;<0 on eachV=const null segment\(c
—e/u=V<V) between the BEH and.

Proof. Let us consider Eq3.11). The solution is given by

Re

R (4.23

Ve KR
R,=|— e dV+R ¢
\ C

SubstitutingV=Vc—€/u, R, on T is, asymptotically,

Ru(V=Vc—elu)~—eK.u *+R ¢
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~—eK u '+ O(f)u™?t (4.24
This means that if we take, large enoughRR ,<<0 onT for
any u=u, and henceR ;<0 on eachV=const {.—€ly,
<V<V() null segment between the BEH af¢: by Eq
(3.12.

Let us consider a functio®?e
gion, Ve—e/uj<sV<V., uisusug, and take the mini-
mum Q2%e 247N ..>0. Defining hy, by
=min{L..,,Q%€ 2*"|in}, we give a lemma below.

Lemma 3h =hg,;>0 onNj if ¢>0 onNj.

Proof. Let us consider eaclu=uj null segment[V¢
—e€eluy,Velele, [Ve—€lu ,NVec—e€luslels. In  the

“2¢=) on a compact re-

hmin

former null segmenth =h;,;>0, as already discussed be-

fore. In the latter null segment,fxC(LR/RC)dV
;fxg (LRIR)dV~eluy>hc becauseL>0 by Eq.
—€luy

(4.10 and the previous lemma. This indicates thaf
=h,,»=>0 onNj by Eq. (4.13.

Now we can prove theorem 1. By the above lemma we—t,

can expande v|y N,,, Dy du such thatd),\,l,\,J+1 (¢,v|NJ
+hy\,|NJ 5u)>(¢YV|NJ+hmm5u) becausedu is arbitrarily
small andh \, has a positive lower bounld,,. This means
that ¢,v|NJ+1> ¢’V|NJ>0. On the other handp >0 onu
=u, by Eq. (4.9); hence¢ >0 for eachu; by induction.
This is a contradiction becausg, <0 on Tg(u=ug) as

PHYSICAL REVIEW D 61 064012

Then the field equation@.3) and(2.4) are expressed as

[T plre 4]

-26A2
=e )\ mie??p(1+ ¢) - ° r4Q } (5.3
2 —2¢_ 2
m/:% e25f—1q'b2+f¢r2+m§5e2¢¢2+ % ,
(5.4
=—r[e*’f2¢*+ ¢'?], (5.5
m=r%fpe’, (5.6)

where a prime and an overdot denote derivatives with respect
to the radial and time coordinates, respectively. Here we
have normalized variables and parameters /yas At
JAr—r, yAm—m, JAQ—Q, and yAm,—m,.
First, we neglect the terms including the time derlvatlve for a
while and look for nontrivial static solutions.

For the boundary conditions, each functions should be
finite in the rg<r=r for regularity. We can take5(rc)
=0 without loss of generality. If we are interested in some
different boundary condition, we can always have such a
boundary condition by only rescaling the time coordinate.

shown before. Therefore, the assumption that field equations The equation of the dilaton fiel(5.3) is rewritten as

(3.10—(3.13 could be evolved untiU=Uyg is false. O

V. MASSIVE DILATON CASE

In this section, we examine the system with the massive
dilaton field. The unexpected properties in the massless dila-

1
e*é‘f(ﬁu_’_ r_z[r2e7>df]/¢/

e 2402
om e2¢¢(1+¢)— Q

=e

}. (5.7

r4

ton case mainly come from the fact that there is no static _ _
black hole solution which the system would approach asSincef=0 on the horizons¢g’ is expressed by as

ymptotically after gravitational collapgé]. Hence we look

for static solutions in the massive dilaton case for the first b =

step.
Here we employ the potentiai(¢)=2m’e?*¢?, where

72¢Q2

7 m5e??¢(1+¢)— (5.9

horizon

m,, is the mass of the dilaton field. We are not sure whethelVe choose$(rg) and integrate from the BEH to the CEH.
this form of the potential is an exact one or not. However, forFor some values(rg) = ¢4, the dilaton field diverges to plus
small perturbations of the dilaton away from its vacuuminfinity. If we choose a larger valug(rg) = ¢,> ¢, it di-
value, we might expect a quadratic form to be a good apverges to minus infinity. Then there is a valug,
proximation. Moreover, the existence of the static solutione (¢1,¢,) with which the dilaton field becomes finite ev-
does not depend on the details of the potential form if it iserywhere between the BEH and CEH. In this se#$égg) is
locally convex. Actually, the results we will show are not a shooting parameter of this system, which must be deter-

changed qualitatively fow/( ) =2mj¢?.

A. Static solutions

We assume the following static chart metric:

ds?=—f(t,r)e”t0de>+f(t,r) " tdr?

r2(d6?+sir 6dg?), (5.1
2 A
f(t,r)=1—2m(rt’r) ?—2—§ 2 (5.2)

mined by the iterative method.

In the massless casé, decreases around the BEH be-
causef’ is positive; i.e., the RHS in Eq5.7) is negative.
Similarly, it is a locally increasing function around the CEH
becausef’ <0. On the other hand, at the extremum of the
dilaton field (¢'=0),¢"<0 since f>0 for rg<r<rg.
Hence the dilaton field does not have a minimum in this
region. This contradicts the behavior around both horizons.
As a result, there is no spherically symmetric static black
hole solution in the massless dilaton case. In the massive
dilaton case, however, the situation is different. As we can
see, the mass term in E.7) appears with the opposite sign
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1.3 T T Here € is an infinitesimal parameter. Substituting them into
the field functiong5.3)—(5.6) and dropping the second and
higher order terms o€, we find

—17% — I 1 - ’
—e%fg g+ [e Pfogi] —[;(e ofo)

0.9 |-

rA2=0.4 +2re %
08 | i
0.7 |- ‘rBA”2=0A6\. N +e 5

0.6 I | L !
0 0.4 0.8 1.2 1.6

2
A2 _{F(re_50¢6)’—Zre_‘sod)é:s}ml:(), (5.12

e~ 24002
Me2%0¢( 1+ o) r—4Q} %o

2e~2%0Q?2
M3e2%0(1+2¢bo) + r—4} ] é1

FIG. 3. The configurations of the dilaton field of the static black )
hole solutions with m;JA=0.1, QyVA=0.4, and rgJA mM=r2fododr, (5.13
=0.2,0.4,0.6. The leftright) dots correspond to the BEHCEH).
wherefo=1—2mgy/r + Q%/r2—r?/3. Next, we set

to the charge term. Hence the sign of the RHS is determined _ iot _ iot

by the valuge of these two terms.g $r1=£(Ne”,  m=n(rer. .19
Integrating the equations numerically, we found nontrivial|f  is real, ¢ oscillates around the static solution and the

solutions for some parametars,, Q, andrg. We show the  solution is stable. On the other hand, if the imaginary part of

configurations of the dilaton field Wiﬂm¢= 0.1,Q=0.4, and ois negative, the perturbatiomsl and m, diverge exponen-

several values ofg in Fig. 3. The left(right) end point of  tjally with time and then the solution is unstable. By Eq.
each line corresponds to the BEBEH). The dilaton field  (5.13, the relation betweeg and 7 is

decreases monotonically between the BEH and CEH. This

implies that the term including the magnetic charge in Eq. n=rfopyé. (5.195

(5.3) is dominant near the BEH, while the dilaton mass term

becomes dominant around the CEH. The change of thdhe perturbation equation of the scalar field becomes

dominant contribution terms is essential for the existence of d2¢

the static solutions in the massive dilaton case. — —— +U(r)é= o2, (5.16
We find solutions with different values ah,, and Q. dry

There are three horizons for the Reissner—Nordstrde Sit- i i i

ter (RNAS solution in some parameteis andQ. Note that ~ Where we employ the tortoise coordinate defined by

since all three horizons degenerate wiagn 0.5, there is no dr

regular RNdS solution foQ>0.5. From our analysis, new

solutions seem not to have an inner Cauchy horizon and we

also find solutions witlQ> 0.5 unlike the RNdS case. This is . L

due to the suppression effect of the magnetic charge by théel:nd the potential function is

dilaton field.

*

dr

=efof 1, (5.17

1
U(r)=e‘50f0:F(e‘50fo)’

B. Stability analysis e’z‘/’OQZ
Even if static solutions exist, such objects do not exist in +2re” % me*?0g(1+ o) — r—“} b0

the physical situation if they are unstable. Hence we will

investigate the stability of these new solutions. In this paper, 2e72%0Q2
we consider only the radial perturbations around the static +e7 % m2e?%0(1+2¢g) + o }
solutions.
We expand the field functions around the static solution s s 13
$o, My, and 8, as follows: +2fopol(re 0pg)' —re g, ]]- (5.18
_ $a(ti1) Being similar to the other variables, the eigenvaitfeand
BLI)= o)+ — e, (5.9 . . ; ! A
the potential functiorlJ are normalized ag“/A— o and
U/A—U.
M(t,r) =mo(r)+my(t,r)e, (5.10 Figure 4 shows the potential functiokr) of the solu-

tion with my=0.1 andrg=0.5. Sinced?¢/dr*?=U(r)=0
on both horizons for the negative modg must approach
S(t,r)=8p(r)+ 84(t,r)e. (5.11) zero asr* — = by the regularity of Eq(5.16). Under this
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0.25 T T T T T

2 mg
2" +arg’ =~ ¢, (5.19

0.2 e
0.15 where we assume~ — Ar?. If the mass function behaves as
m(r)/r3—0 asr—o \=1/3. Putting$~r ¢, Eq. (5.19

01
becomes

U/A

0.05 2

My
o a(a+1)—4a=T. (5.20

-0.05 Hence we find

R o 5 10 15 20 25 3— ~/9—4m§/>/)\
r* A2 a=———— (5.2)

FIG. 4. The potential functions of the perturbative equation. We
set myJA=0.1, rgyA=05, and QYA=0.2 (solid ling, 0.4 By the fact that the decay rate of the dilaton field is very
(dashed ling 0.6 (dotted ling. small, the minus sign was taken. Moreover, in thg=0.1

case, we can approximate as

boundary condition we have searched for the negative eigen- )
modes. For the existence of the negative eigenmode, the :ﬁwlo,g (5.22
depth of the potential is important. However, the potentials “T 3 ' '
in Fig. 4 have a rather shallow well and we can find no
negative mode for an®). Hence we conclude that the static This coincides with the behavior in Fig. 5. The equation of
solutions presented before are stable at least at the radiéle mass function, Ed5.4), behaves as

perturbation level. )

. mrz%(_)\r2¢12+m(2/)¢2)
C. Asymptotic structure

Finally, we will investigate the asymptotic structure of the
static black hole solutions. From the analysis of static solu-
tions, we obtain the boundary value of the field functions at
the CEH. By use of these values we can now investigate thelence
asymptotic behavior of the field functions fior- oo, which is
expected to approach de Sitter spacetime. Figure 5 shows the my .
field configurations beyond the CEH. We can find that the m=-gr (524
dilaton field decreases to its potential minimup=0. Its
decay rate is, however, extremely small. In the asymptotichis implies that the contribution of the dilaton field to the
region, the field equation of the dilaton field, E§.3), be-  mass function is similar to the cosmological constant and it

haves as diverges ag —x. Hence the AD mass diverges and this
behavior is out of line with the ASdS spacetif#. As a
i4rFrTTT T T T T T T T T T T T T T result, the massive dilaton field should also break the
. asymptotic structure similarly to the massless case.
1 VI. CONCLUDING REMARKS
op 5B We first tested the cosmic no hair conjecture in an effec-
- \\ tive string theory by investigating the dynamics of the EMD
06 system with massless dilaton. We have shown that once
 AV2-08 gravitational collapse occurs, the system of field equations
04 [ inevitably breaks down in the domain of outer communicat-
oz \ ing regions or at the boundary under the existence of a de
' Sitter—like future null infinityZ™.
ol v v In general, the breakdown of the field equations in the
0.1 10 10° 10° 107 10° 10" 10 10 10%7 10%° EMD system can be interpreted as followsa) a naked

1/2
rA singularity appears in outer communicating regions or at the

FIG. 5. The configurations of the dilaton field of the static so- boundary[15] or (b) no initial null hypersurfaceN evolves
lutions beyond the CEH. The parameters are the same as in Fig. 81to Z*. For the first case, however, it is hard to understand
The dotted part shows inside of the CEH. We find that the dilatorthat a naked singularity inevitably appears in any case be-
fields decay extremely slowly. cause the dilaton and the electromagnetic fields are essential
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ingredients for the string theory and they are physically reaspacetime. In this sense, this solution is unphysical. In addi-
sonable matter fields for testing the cosmic censorship cortion, if we consider dynamical evolution from regular initial
jecture[16]. Thus we strongly expect that only cad® is  data with finite AD mass, spacetime seems not to approach
possible and hence the EMD system with massless dilatoaur new solutions because AD mass is conserved during evo-
violates the cosmic no hair conjectUrE7]. Here we should lution. This would cause the problem again that the cosmic
not overlook that our result is independent of the quantity ofno hair conjecture is violated in the EMD system, which
the collapsing mass. suggests that the massless dilaton cas®ispecial.

The above result seems to arise from the fact that the As a result, we conclude that once gravitational collapse
system has no static spherically symmetric black hole solueccurs in the spherically symmetric EMD system, the space-
tion [8] and also the dilaton field is nonminimally coupled to time cannot approach ASdS spacetime, in contrast to the EM
the electromagnetic field. Let us imagine gravitational col-system. To the best of our knowledge, this is the first coun-
lapse in the Einstein-Maxwe(EM) system for comparison. terexample for the cosmic no hair conjecture if the cosmic
Because all matter fields are minimally coupled to the eleceensorship holds. It is an open question whether by consid-
tromagnetic field in the EM system, they fall into a black ering axially symmetric spacetime or more general space-
hole or escape from the CEH without difficulty and the re-times one could avoid this problem.
sultant spacetime would asymptotically approach RNdS one.

This implies that ASdS_ spacgtime appears .in the EM system ACKNOWLEDGMENTS
and the cosmic no hair conjecture holds, in contrast to the
EMD system. We express our special thanks to Gary W. Gibbons and
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ton and found that the system has a static black hole solutioan appropriate interpretation of our results. We are also
which is stable for radial linear perturbations. At first glance,grateful to Shingo Suzuki for helpful discussions and to Akio
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tion after gravitational collapse and the cosmic no hair conous encouragement. We also thank Gyula Fodor for his care-
jecture holds in the massive dilaton case. However, as showfal reading of our manuscript. This work is partially sup-
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